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Motivational introduction (1/2)

Consider a cylinder with r = 0.1, height = 1.

t=0.01

01 005 0 005 01

g1 = 1Ote_(r/R)2, 2 =0,

10

9
8
7
6

1
0.9
0.8 -
0.7




Motivational introduction (2/2)

Consider its cross-sections at heights

0.02, 0.05, 0.1.
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3D tube with radial symmetry
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Domain

Consider a tube 7" C R3 in cylindrical coordinates (r, ¢, z)

Length =1

and domain Q = {(r,z) € (0,R) x (0,/)}

1

Length =1
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Classical problem (1.1)

Heat equation :
ou 10 / du d%u
E:;E(r5>+@+f(r7z7t)7 (r,Z,t)EQT:QX(O,T],

Boundary conditions :

u(r,0,t) = gi(r,t), u(r,l,t)=g(r,t), (r,t) € (0,R] x (0, T],
du

ra—:0, O<z<lr=0andr=R,0<t< T,
r

Initial condition :

u(r,z,0) = u’(r,z), (r,z)cQ.
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Numerical mesh

The uniform spatial mesh is defined as Qh = @, X Wy with

or={rj: rj=jh, j=0,....J}, ry=R,
Wy ={zk: zZx=kH, k=0,...,K}, zx=1.

Here h and H are the space step sizes.
We also consider a uniform time mesh:

or={t": t"=nr, n=0,...,N}, t"=T,

here 7 is the time step size.
Let J-’}( be a numerical approximation at the grid point (rj, zx, t").
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FVM space discretization operators

ﬂ( - ank—l h 1

0, f}( = H : . A ﬂ( = _ﬁ(azujr,'l@rl — 0, ﬂ()
n_yn 1
k -1,k .

where

~ 1 . - 1 h

f0=§h7 ri=rj, 1<j<J, rJZE(R*Z)a r_%ZO, r_j_t,_%:O'
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ADI for time integration

UTL% — Ui +3 +3

J h n _ n-—sx

S AU g =
1

Un+1 ”+§

hy s ntl _ o3
T AU A =



1.1 Classical model

3D tube with radial symmetry 1.2 FVM ADI scheme and convergence
1.3 Hybrid dimension model
1.4 Existence and uniqueness of a solution
1.5 Convergence in the hybrid model case
1.6 Computational experiments

Consistency of the ADI scheme

If a solution of the problem (1.1) is sufficiently smooth, then the
approximation error of the ADI scheme is O(72 + h? + H?).
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Properties of operators A; and A

The discrete operators A and AL are symmetric and positive
semi-definite and positive definite operators, respectively.

First, the operator Ag is investigated. We get

K-1
(Aju,v) = > (Abu)ivicH = (;u,0,v].
k=1

It follows that Ag is a symmetric operator. It is also well-known
that the eigenvalue problem

Abpr = Ny

has a complete set of eigenvectors ¢y, I =1,..., K —1, and all
eigenvalues are positive A\j > 0 Thus Ag is positive-definite.
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Properties of operators A; and A

Now consider the operator A We get

J
[ATu, vl =) F(ATu)jvih = (Oru, 0, V],

Jj=0
It follows that A{' is a symmetric operator. From
[AMu, u], = (8,0, 0,u], >0

we see that A’l7 is a positive semi-definite operator. The eigenvalue
problem

Al = ppby

has a complete set of eigenvectors ¢y, | =0,...,J, one eigenvalue
o = 0 and the remaining eigenvalues are positive y; > 0.
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Properties of operators A; and A

ADI scheme is unconditionally stable.
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Geometry of the hybrid dimension model
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Problem for the approximate solution®

U 1 a< au) 82U+f(z’ t), (r,z,t) € (Q\ Q) x (0, T],

ot ror\ar) T a2

ou 0?U
= 92 +f(z,t), (r,z,t) € Qs x (0, T],

Boundary conditions :

U(r,0,t) = gi(r,t), U(r,1,t) =g(r,t), (r,t) € (0,R] x (0, T],
8U
8r

Initial condition :

U(r,z,0) = u%(r,z), (r,z)€Q.

=0, ze€(0,0)u(/=4,1),r=0andr=R,0<t<T,

'A. Amosov, G. Panasenko, Partial dimension reduction for the heat
equation in a domain containing thin tubes (2018)
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Mesh of the hybrid dimension model

K1 and K> define the indices of truncation points: zx, =9,
zk, = | — 4. Then the spatial mesh w;, is split into three parts:

wZ]_:{Zk: Zk:kH, k:].’,K]__].},

wZ2:{Zk Zk:kH’ k:K1+1,,K2_1},
Wz3:{zk: Zk:kHa k:K2—|—1,,K—1}

ZKl ZK2
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Averaging operator

Let Sy, denote the discrete averaging operator
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Conjugation conditions

U‘z=afo - Ulz:6+0’ U’z=17570 = U‘z:/ﬂwo’
aS(U) o ou 95(U)
0z lz=s—0 0z lz=s+0" Oz lz=1—s—0 0z lz=I—-6+0

The first two conditions are classical and mean that U is
continuous at the truncation points, while the remaining two
conditions are nonlocal and they define the conservation of full
fluxes along the separation lines.
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Problem for the numerical solution

Equations of the first half-step of the ADI scheme for the hybrid
dimension heat conduction problem

U-T_% — Un 41 +1
n n+i _
JT+AhU P+ AU =% (,2k) € @ X (w1 Uwzs),
1
Un+§ _ 1
n 7/2 ok +ASUL, = fr1<+2, ZK € Wz2,
1
Ul? = Ul 1 BE
;Tl + H2( Sn(Uky 1) + 22U, — Uf,K1+1) ="
n+l
Ui = Uiy | 1

n n+3
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Existence and uniqueness of a numerical solution

The existence and uniqueness of a solution to the approximate
problem, as well as validity of conjugation conditions at
truncations, was proved in the works of prof. G. Panasenko?by
analysing the weak form of heat equation.

We have proved the existence and uniqueness of a numerical
solution.

'A. Amosov, G. Panasenko, Partial dimension reduction for the heat
equation in a domain containing thin tubes (2018)
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A modified Thomas algorithm: 3 cases

The following 3 cases are considered:
Casel Case 2 Case 3

|

In each case, the ADI equations can be written in the form

o+l opyn+1 n+ .
—ap U1+ oy — biU; k+1 = dj,

ajk, bk, ¢k >0, cjk > ajk + bjk
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Domain w,1. The solution is presented in the following form:

1 1
Uj7<+ = OzijJ-’ZZ_+1 +’ij, 0< k< Ky,

_ _ n+1
ajo = 07 Yjo = gl(':iv t )a
o bj o ikt ajjk-1
Qjy = ——————, Yk = ————"—.
Cjk - ajkaj,k—l Cjk - ajkaj,k—l

By induction it can be proved that the estimates 0 < oy <1 are
valid.
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Domain w,». The solution is presented in the following form:
1 1 1
U::_ = a*kU:}Z + B*kU:;Z + Vaks Ki < k < Ks.

This factorization is done in two steps.
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First, the solution is written in the form

n+1
U 06>¢<I<U>kK1 + 6*1( k+1 + Yk, K1 < k< Kp,
~ K+l . b*,Kﬁ—l ~ - d*,K1+1
Oy K1 +1 = — B*,Kﬁ-l = MK+l = T
Ce K1 +1 Ce K1 +1 Gy K1 +1
~ sk byk
Qg = Qi k=1, B*k =

Cik — a*kﬁ*k 1

- 3k Vo, k—1 T dik
Yk = ————— = .
Cik — AskBx k-1

-~ )
Cik — Axk P k—1
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In the second step, we compute coefficients cu.x, Bk and Vi

O Ky—1 = Qs Ko—15 P ko—1 = Brko—1s Quk = Qsk + Bak Okt 1,

Bk = g*kﬁ*,k+17 Yk = Vak T /g*k')/*,kJrl’ k=Ky—2,..., K1 +1.
Also, the following estimates are derived

0 <ok, Bk <1, 0< on + Buk < 1.
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Domain w,3. For each j =0,...,J, the solution is presented in the
following form:

UJ-'LH = ﬁijﬂﬁl + %k, Ko <k <K,

1

Bik =0, vjx = g(rj, t"1),
ajk dik + bjkj k+1
Bk = o biBal Vik = o — bl s
Cik — bjkBj k+1 Cjk — bjkBj k+1

By induction it can be proved that the estimates 0 < By <1 are
valid.
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Conjugations of one reduced dimension zone

The conjugation conditions then form the following system of
linear equations:

A11U*K1 + Aq U*K2 =B
1 1
An UL + Ap UL = B,
From the proved estimates we have that the coefficient matrix is

diagonally dominant, thus unique numerical solutions exist.

Each additional reduced dimension zone gives 2 extra equations,
but the coefficient matrix remains tridiagonal.
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Hybrid dimension operators A7, A"

Let us define two operators

A?Ujk, (rj,Zk) € W, X (wzl UUJZ3)7

AU = _
05 Z) € Wz2,
Agljjka (rj,Zk) € Wy X (wzl Uw23)7
AU Zk € Wy

ASU: 2 Usk, k z2,

7 (= S(Uiy—1) +2Uai, — Ui11), k= Ki,
(= Sh(Ukps1) + 2Usk, — Un1), k= Ko,
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Properties of Af, Al

The discrete operators A’l’ and AI2’ are symmetric and positive
semi-definite and positive definite operators, respectively.

First, the operator .Af is investigated. Applying the summation by
part formula, we get

J Ki—1 K—1
(A7, V):er_%< O Upcdr VigH + ) 8rUjk8erkH)h
j=1 k=1 k=Ko+1

= (U, Ahv), (AfU,U) > 0.

It follows from the obtained estimates that A% is a symmetric and
positive semi-definite operator.
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Properties of Af, Al

Next, the operator Ag is investigated. We prove that

(ASU, V) = (U, A3V),
(Ahu,u)>o0.

Therefore, Ag is a symmetric and positive semi-definite operator.
From the ellipticity condition it follows that Aé’ is positive definite.



1.1 Classical model

3D tube with radial symmetry 1.2 FVM ADI scheme and convergence
1.3 Hybrid dimension model
1.4 Existence and uniqueness of a solution
1.5 Convergence in the hybrid model case

1.6 Computational experiments

Stability estimate

If U" is the solution of ADI scheme, when f" =0 and
g1 = g5 =0, then the following stability estimate is valid

T n T
I+ ZAD U™ < I+ ZAB ).
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Test problem (2 nodes & 1 edge)

—5—f —5—1
Parameters: /=1, R=0.1, T =1, J =100, K = 400;
Functions: u%(r,z) =0, gi(r,t) = (1 + 3t)e—(f/R)2’

go(r,t) = te=Cr/R? f(r 2 t) = 0.
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Test problem (2 nodes & 1 edge)

Ujl,\(l —U(rj, 2, T)

. p(r) = log, (e(27)/e(7)) ,

e\7) = max
( ) (rj,zk)EQh

Table: Errors e(7) and experimental convergence rates p(7) for the
discrete solution of ADI scheme for a sequence of time steps 7.

T e(r)  p(7)
0.0025  5215e-3 1.631
0.00125  1.334e-3 1.958

0.000625  3.343e-4 2.006
0.0003125 8.194e-5 2.028
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Accuracy of the reduced dimension model (2N & 1E)

N N
(o) =, max|U} — UNG))

0=005 06=01 0=015 6=02 06=0.25
e(d) 0.2471  0.0377 0.0056 0.00083 0.00013

CPU time for computing the full model solution is 11.4 seconds,
while for the reduced dimension model and § = 0.25 the time is
reduced to 5.9 seconds, for 6 = 0.1 the CPU time is reduced to 2.5
seconds. (J =100, K = 800)
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Speedup of the reduced dimension model (3N & 2E)

—s— —25— F—d—
J =100, K = 1600,

2 —1\?2
f(r,z,t) = 50texp (— (%) > exp (— <ZO 05 ) ) around centre.

§=6 0=025 6=02 §=015 6=0.1
CPUtime (§)  24.9 17.0 14.6 12.2 9.8
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Visual comparison: 2 reduced dimension zones

Full and reduced dimension models with § = 0.05. Which is which?

4 4
10 a5 10 us
20 20

13 3
30 30
40 25 40 25
50 2 50 2
60 60
15 15
70 70
1 1
80 80
90 05 90 05
100 o 100 o
0 200 250 300 350 400

50 100 150 200 250 300 350 400 50 100 15
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Visual comparison: 2 reduced dimension zones

Full and reduced dimension models with § = 0.1 Which is which?
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2D cross-shaped domain
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Domain Q

Yot - ———e
; : OpQ) = 01U LQU 030 U 0,02
420 b b s g0
' ONQ = 0Q\ 9pQ
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PDE problem (2.1)

(Ou  0%u  d%u
E_W+p+f(x7y,t)a (Xayat)GQT_QX(O’T]’
u(0,y,t) =gy, 1), (v, t) € [Y1, Y2] x (0, T],
U(X>07 t) g2(X t)? (Xv ) € [X17X2] X (07 T]a
u(X,y,t) =gy, t), (v, t) €Y1, Yo x (0, T],
U(X, Y7 t) (X7 t)a (X7 t) € [X17X2] X (07 T]a
% =0, (x,y,t) € OnQ x (0, T],
u(x,y,0) = uo(x,y), (x,y) € Q,

here f is a source function and n denotes the outer normal to dy2.
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Finite Volume Method

1 1
uj k(t) = Ve // u(x,y, t)dxdy, fjk(t) : =V / X, y, t)dxdy.
J5 Jrk
K:j’k

Kk

Here KC; i is a control volume, V; \ is its volume,
j=0,...,J, k=0,...,K.
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FVM (cell-centred)

o T1 T2 I3
| | | |
Ko —
YK #2 | #3
YKy—1 — o . . .
2 #1
ngfz — . . o .
Tkt Tjk+l
N
U./Jw%
Oj—1.k . Ojt+4.k
1.k Tjtik  Ti-4k

Tjk—1 Tik—3% Tjk—%
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Spatial discretization of the heat equation

du;
J7
g = Atk — At fik
1 Ujir1k — Ujk Ujk — Uj_1 k
Ao — e, W ik g Y, lj—1,
15k Vi 450k h i3k h ’
1 Uj k+1 — Uj k Ujk — Uj k-1
A2Uk — —5. 1 Js Js +S 1 J> Js .
s Vj,k Jik+5 H Jik—5 H

Here h and H are space step sizes, s, 3 = m(0q.),
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ADI scheme for numerical time integration

Un+% ur 1 1
ik Tk n+3 n _ N3
2 AUt T AU = B
n+i
yrtl_y’ra 1 1
Jsk Jok n+3 n+l _ nt3
2 AU AU = 6

Here 7 is time step size, n=1,..., N.
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Consistency

If a solution of (1) is sufficiently smooth, then the approximation
error of ADI scheme is O(7% + h? + H?).




2.1 Classical model

2.2 FVM ADI scheme and convergence
2D cross-shaped domain 2.3 Hybrid dimension model

2.4 Existence and uniqueness of a solution

2.5 Convergence in the hybrid model case

2.6 Computational experiments

Properties of operators A; and A

The discrete operators A; and Ay are symmetric and non-negative
definite.
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Stability

If U" is the solution of ADI scheme, when f" =0 and g/' =0,
i=1,...,4, then the following stability estimate is valid

T T
107+ 5 A) U7 < (1 + 5A2) 0]l
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Geometry of the hybrid dimension model
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Geometry of the hybrid dimension model

"""""""" - KT For (x,y,t) € (Lo U Ls) x (0, T]:

r g . uo(x,y) = To(y), F(x,y,t) = Fy. 1)

Jroq — o For (x,y,t) € (L1 U L3) x (0, T]:

g — uo(x,y) = to(x), f(x,y,t)="f(x1).
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The approximate problem3

ou  9*U  9*U
f:7+7+f(xy,t) (x,y,t) € (Q\ Q%) x (0, T],

ot Ox2  Oy?

ou  d*U

5= T f(x, t), (x,y,t) € (LU L) x (0, T],
ou _ o*U

5262+f(}/7t)7 (X7y7t)e(LgUL2)X(O7T]7

U(07y7 t):gl(yv t)v (yv t) € [Y17Y2] X (Oa T]v
U(x,0,t) = g(x, t), (x, t) € [X1,X2] x (0, T],
U(X7Y7 t):g3()/7 t)7 (Y7 t) € [Y17Y2] X (07 T]7
U(x, Y, t) = ga(x, t), (x,t) € [X1,X2] x (0, T],
g—g =0, (x,y,t) € o2 x (0, T],
U(x,y,0) = uo(x,y), (x,y) € Q.

'A. Amosov, G. Panasenko, Partial dimension reduction for the heat
equation in a domain containing thin tubes (2018)
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Truncation of dimension

The following averaging operators are used:

XQ Y2
1 1
S(U)= ——— | Ulx,y, t)dx, S,(U) = ———— [ U(x,y, t)dy.
(V=55 [ VUxytde S,(U) =2 [ Uy, 0y
X1 Yl

We assume continuity and conservation of full fluxes, thus
conjugation conditions of the following form are used:

95,(V)

ou
Ulyms—o = U|x:6+07 Tox =

x=6—0 Ox

x=6+0

Here the dimension truncation takes place at x = ¢.
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Discrete averaging operators

J

1

h

WU =5%"x D Ukt
Jj=h

K>
1
H —
5/(Uf) = Y?‘YlkZK Uiksjes ke
=K1
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2.6 Computational experiments

Existence and uniqueness of a numerical solution

The existence and uniqueness of a solution to the approximate
problem, as well as validity of conjugation conditions at
truncations, was proved in the works of prof. G. Panasenko*by
analysing the weak form of heat equation.

We have proved the existence and uniqueness of a numerical
solution.

'A. Amosov, G. Panasenko, Partial dimension reduction for the heat
equation in a domain containing thin tubes (2018)
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Towards tridiagonal matrices

Discrete equations that are in action can be represented in the
following form:

o+l pyn+1 n+ .
— djk Uj,k—l + bjk Uj,k CJkU k+1 = dj,

ajk, bjk, Cik > 0, bjx > ajk + Cjk-
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A modified Thomas algorithm: 5 cases

The following 5 cases are considered for Y; < y < Y.

Casel Case?2 Case 3 Case4 Case5

—~ ~~ ~/ ~ A~
T T T T
1 [] 1 1
[} [] 1 1
1 1 1 ]
1 1 1 1
[] [] 1 1
[} [] 1 1
1 1 1 ]
[ ] 1 1 ]
1 [] 1 1
[} [] 1 1
1 1 1 1
L ' 1 1
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2.4 Existence and uniqueness of a solution

2.5 Convergence in the hybrid model case

2.6 Computational experiments

A modified Thomas algorithm

The 4 conjugation conditions result in the following problem

1
Uy ?
Ain A 0 0 oy 1 B
2
A1 Ap Axz 0 UJZT | _ | B2
0 Az A3z Az U”;_r% B’
0 0 Az Ay 5 By
u't:
JI,*

From the estimates of cases 1-5, the coefficient matrix is shown to
be diagonally dominant.
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2.4 Existence and uniqueness of a solution

2.5 Convergence in the hybrid model case

2.6 Computational experiments

A modified Thomas algorithm

A unique numerical ADI solution to the hybrid dimension heat
equation model exists and can be computed using the efficient
factorization algorithm.

Analysed cases 1-5, combined with conjugation conditions, prove
the theorem and define the constructive algorithm to implement
the method computationally.
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Consistency and stability

The operators Af and A% are redefined by

AI11Ujk7 (Xj,}/k)GQh\WR,
A?Uj*v J € (J1T7J2T) U (J3T’J4T)7
0, kelKT,KJJUIKT, K]

1 .

= (=S U + 200 = U ), e (T )
1 .

(= SUs) + 205 = Upr), e {0 I
AbUi, (X}, yk) € Qn \ wr,

AI27 U*k7 k € (KlT’ K2T) U (K3T7 K4T)v

01 ./ € [J1T7J2T] U [J?:raJJ:r]

1
(= SMU) + 20k = Ungenn), ke (KT KT},
( — Sf(Uk+1) + 22U, — U*ykfl), k € {K2T, K4T}.

’L{Q

H2
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Consistency and stability

The discrete operators A and A} are symmetric and positive
semi-definite operators.

Consistency remains of the same order as in the classical model.

The same stability estimate is achieved as in the classical model.

T n T
07+ ZABD U < (1 + AU,
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Time integration error definition

The error e(7) and experimental convergence rate p(7) at time
t = T are defined in the following maximum norm:

o N . ) o 6(27_)
e(T) - (X_,-r,?/;?)éw Uj,k U(vayk’ T) ) p(T) - |0g2 ( e(T) > .
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2.4 Existence and uniqueness of a solution

2.5 Convergence in the hybrid model case

2.6 Computational experiments

First test problem

Constants: J=K =600, T=1, X=1Y=1, X; =Y, =1/3,
X = Yy =2/3.

Functions up = 0, f(x,y,t) =0, gi(y,t) = (1+ 4t)e™",

g(x, t) = Tte™, g3(y. t) =3 —50(y — Y1)(y — Ya),

g4(x, t) — ete—20(x=X1)(x—X2)

The benchmark solution was computed using 7 = 2.5 - 107°.

T e() p(7)
0.0008 | 6.9300-10~* | 6.2786
0.0004 | 1.2685-10~% | 2.4497
0.0002 | 3.1460-10~° | 2.0115
0.0001 | 7.4977 -107° | 2.0690
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2.4 Existence and uniqueness of a solution

2.5 Convergence in the hybrid model case

2.6 Computational experiments

The accuracy of reduced dimension model

Here the difference between solution to the full model and solution
to the reduced dimension model is tracked, thus the following error
definition is used

6(6) = ()gr;],f)xew UjI}Ik — Uj}lk(é) .
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2.5 Convergence in the hybrid model case

2.6 Computational experiments

The accuracy of reduced dimension model

Functions of the first test problem were used for the reduced
dimension model with J = K =300, X =Y =1 X; = Y; = 0.45,
X2 = Y2 = 0.55 and 7 = 0.001.

5 full model | 0.175 0.125 0.075 0.025
e(0) 0 2.242e-3 | 9.104e-3 | 4.682e-2 | 2.082e-1
CPU time (s) | 9.4 8.2 6.7 53 39

Considering numerous simulations, for most cases by setting §
equal to the diameter of the rod we make the dimension-reduction
error e(0) equal to approximately 1% of the cell's value at which it
is found.
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2.6 Computational experiments

A visual comparison (d : 0.05,0.1,0.15; full)

With the only nonzero function f, which equals
f(x,y,t) = 100e’ cos(4mx) cos(4my) near centre:
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Supplementary chapter: a 4th order PDE

Introduction

One of the problems that were encountered in the project
"Multiscale Mathematical and Computer Modeling for Flows in
Networks: Application to Treatment of Cardiovascular Diseases”
is analysed from the perspective of numerical mathematics.

5

We are interested to solve a 4th order PDE with constant
coefficients ¢; for the averaged velocity u

ClUtt + Colxxer + C3UE + Callxxt + C5lxex + Colxx + c7u = 0.

®Project No 09.3.3-LMT-K-712-17-0003, www.hemodynamics .mif.va.lt
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Scheme 1: central and forward differences

Ut Ugrtt Uzt Ugrrs Ugz u
5 i

@ O——E—@—0 O—2—O® @
®

The expected accuracy of this scheme is O(h? 4 7), here h is space
step size, T is time step size.
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Scheme 2: central differences

Ut Ugrtt Uy Uzt Ugrrs Ugz u
® ©
@ © OO0 (©)
® @

The expected accuracy of this scheme is O(h? + 72), here h is
space step size, T is time step size.
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Computational molecule of both schemes

Un+1 i

Unfl 4

[]172 Lrifl Ui [Jl+l Ui+2

X

The scheme is implemented implicitly and solved with the
tridiagonal Thomas algorithm.
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Accuracy of schemes

The classical method of Taylor expansions was used to show that:

The error of scheme 1 (central and forward differences) is
O(h? + 7).

The error of scheme 2 (central differences) is O(h? + 72).
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Fourier stability analysis for scheme 1

En(t+71)

em(x, t) = Em(t)eikmx7 G= En(t)

m(G—24+G Y +m(G-2+GHe -2+ +m(G-1)
+mg(G —1)(e7? =2+ )+ ms(e7?Y — 4670 4 6 — 4e" + €%1%)
+me(e™ —2+e) + m; =0,

G?A+GB+C=0
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Stability restriction for scheme 1

With scheme 1, for practical problems of our interest, the stability
of numerical scheme is easy to satisfy with

this estimate was derived for parameters of a small elastic human
arteriole.
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Stability restriction for scheme 2

Repeating the same analysis for scheme 2, for the problems of our
interest the stability is almost impossible to satisfy. E.g., for
parameters of a small human arteriole stability is possible with

h=0.1, 7=10"2%

Why?
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Behind the difficulties of stability for scheme 2

Recall that the Richardson scheme (only central differences) for
parabolic equations is unconditionally unstable:

n+1 n—1 n n n
Richardson scheme U,' e U,' i+1 2U/ + Ui—l
Ut = Uxx =

2T h?

Hyperbolic differential terms of our PDE regularize this instability
to some extent, however, their coefficients are of much lower order
in magnitude, compared to parabolic terms.
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Neumann BC U, requires to deal with ghost points

A\ 4

L 6 G U U

Ghost points can be eliminated using, e.g., the following
approximation of derivative

uy —-ury

Ux(Xiytn) - 2h
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BC U, does not use ghost points

Un,+1

UH,

Un,—l
X
>

b UL U U U

Unx(x0, tn) — 2Usx(x > tn + Ux(x , tn
Uxxxx(Xl’ tn) = ( 2 ) 5721 ) ( 2 )

UXX(X(), tn) —2U(X()7 tn) + 5U(X1, tn) — 4U(X2, tn) + U(X3, tn)
= h2 + h? ’
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Definitions of error and experimental convergence rates

In test problems, the error e(h, 7) and experimental convergence
rates p-(7), pn(h) at time t = T are defined in the following
maximum norm:

e(h,7) = max‘U,-NT — U(x;, T)‘ ;

Here U(x;, T) is a benchmark solution and N is the index of some
time T.
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First test problem: theoretical and experimental

convergence results agree well

h e(h) pn(h)

0.1 2.3394-107° 1.9983
0.05 5.8555-10~° 2.0007
0.025 1.4632-10"% 2.0047
0.0125 3.6460-10~7 2.0188

Table: Computational results of errors in space at T = 0.1.

These calculations were performed using 7 = 272 - 107, Here the
benchmark solution was calculated with h =276.1071.
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First test problem: theoretical and experimental
convergence results agree well

T e(7) pr(7)

0.0001 2.3969-10~7 1.0109
0.00005 1.1894-10~7 1.0228
0.000025 5.8537-10"% 1.0461
0.0000125 2.8327-108 1.0406

Table: Computational results of errors in time at T = 0.1.

Here we have used h = 272-10"! and the benchmark solution was
calculated with 7 =277 .107%.
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Second test problem: complex-exponential test

Assume that U = /() = cos(kx + t) + isin(kx +t). The
parameter k can be found by substituting U into equation:

a Utt + CZUxxtt + C3U1: + C40xxt + CSUXXXX + C60XX + C70 =0.

By calculating derivatives and grouping terms, the following
quartic equation is obtained

k*cs + k2(c2 —ica — ¢6) + (—c1 +ics + ¢7) =0,
Thus we get ki, ko, k3, ks.
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Case 1: Dirichlet and Neumann boundary conditions

Denote the solution acquired from these conditions with k; by Vj.



3.1 The PDE problem

3.2 Numerical scheme

3.3 Accuracy and stability

3.4 Initial and boundary conditions
3.5 Computational experiments

Supplementary chapter: a 4th order PDE

Case 2: Dirichlet and U,, boundary conditions

0: i(kx+t)
—
( ) ikx’ Ut(X, 0) — ,'el'kX’
0o, t) U(L, t) = e/(kt+t),

Uc(0, t) = £ O(L, t) = —k2e/(kL+D)

Denote the solution acquired from these conditions with ki by V}.
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Errors of V4 and V}

eof Re(Vi) eof Re(Vy) eof Im(Vi) e of Im(V)

6.4903-10~7 6.3309-10"° 1.8334-10° 5.1999-10°
1.1960-107° 2.6706-10"° 1.5366-10"° 8.0973-10°
1.9371-107% 7.2064-10"°® 1.3013-10~7 4.0185-10°°
0.0119-10~7 6.9911-10°°% 1.7234-10°°% 4.3136-10°°
0.6898-10~7 2.9784-10"° 1.6895-10° 8.1424-10°°
10 1.3468-10° 7.8812-10° 1.4050-10°° 2.7121-10°°

G WN |-

Table: Errors e of real and imaginary parts of numerical solutions V; and
V" at various times T.
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Summary of the main part

@ Existence and uniqueness of numerical solutions were proved
for two non-classical heat conduction models.

o Constructive algorithms to implement computations were
detailed.

@ The convergence of ADI schemes was unaffected by dimension
reduction.

@ The effectiveness of strategy to fasten computations by
dimension reduction was confirmed.

@ The ADI method is well compatible with the Method of
Asymptotic Partial Domain Decomposition for a variety of
heat conduction problems.
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Summary of the supplementary part

For the 4th order PDE with constant coefficients:

@ The scheme constructed with central differences has higher
accuracy in time compared to the scheme constructed with
central and forward differences.

@ However, in practical computations the latter has better
performance due to lesser restrictions on step sizes.

@ Choosing boundary conditions of type U,y instead of Uy, gives
considerably smaller errors.
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